By adapting the Cheeger-Simons approach to differential cohomology, we establish a notion of differential cohomology with compact support. We show that it is functorial with respect to open embeddings and that it fits into a natural diagram of exact sequences which compare it to compactly supported singular cohomology and differential forms with compact support, in full analogy to ordinary differential cohomology. By extending some results for relative differential cohomology we prove an excision theorem for differential cohomology. We further establish Pontryagin duality for differential cohomology: On any oriented manifold, ordinary differential cohomology is isomorphic to the smooth Pontryagin dual of compactly supported differential cohomology. For manifolds of finite-type, a similar result is obtained interchanging ordinary with compactly supported differential cohomology.
Introduction and summary
The aim of this paper is to develop a notion of differential cohomology with compact support and to discuss smooth Pontryagin dualities for differential cohomology. Differential cohomology is a family of functorsĤ k (−; Z) : Man op → Ab, for k ≥ 0, from the category of smooth manifolds to the category of Abelian groups that comes together with four natural transformations comparing it with certain groups of differential forms and also with smooth singular cohomology (with coefficients in Z and T = R/Z). The differential cohomology groupsĤ k (M ; Z) of a smooth manifold M may thus be regarded as a refinement of the smooth singular cohomology groups H k (M ; Z) with integer coefficients by differential forms. As a classical geometric example, the second differential cohomology groupĤ 2 (M ; Z) is a refinement of the Picard group of isomorphism classes of Hermitean line bundles on M to the group of isomorphism classes of Hermitean line bundles with connection.
From this perspective, it seems natural to expect differential cohomology with compact support to be a family of functorsĤ k c (−; Z) : Man m,֒→ → Ab, for k ≥ 0, from the category of m-dimensional manifolds with smooth open embeddings as morphisms to the category of Abelian groups that comes together with natural transformations comparing it to compactly supported differential forms and cohomology with compact support. The notion of compactly supported differential cohomology that we develop in this paper is easily seen to satisfy this property: It is functorial with respect to smooth open embeddings and it comes together with four natural transformations similar to the ones of ordinary differential cohomology. Thus the compactly supported differential cohomology groupsĤ k c (M ; Z) of a manifold refine the compactly supported cohomology groups H k c (M ; Z) with Z-coefficients by compactly supported differential forms. In the classical geometric example, the groupĤ 2 c (M ; Z) describes isomorphism classes of Hermitean line bundles with connection on M and a parallel section outside some compact subset.
By now there exist several different models for differential cohomology, i.e. several different constructions of the functorsĤ k (−; Z) : Man op → Ab, given by differential characters [CS85] , smooth Deligne cohomology [Bry07] , differential cocycles [HS05] and de Rham-Federer currents [HLZ03] . These models are known to be related by unique natural equivalences [SS08, BB14] . In the present paper we use the original model of differential characters as established by Cheeger and Simons in [CS85] , which are T-valued group characters on the Abelian group Z k−1 (M ) of singular cycles in M that satisfy a certain smoothness condition. An interesting alternative perspective would be to use the more abstract homotopy theoretical approach to differential cohomology, see e.g. [Bun12] . We expect that some of our results, e.g. on functorial properties of various constructions and the excision theorem for differential cohomology, are intrinsic properties of this framework and could be shown with less arguments. However, we decided to use the more traditional Cheeger-Simons approach [CS85] in order to avoid the rather technical tools of homotopy theory.
To introduce differential characters with compact support, we follow the well-known construction of compactly supported cohomology as the colimit of the relative cohomology functor H ♯ (M, M \ −; G), with G an Abelian group, over the directed set K M of compact subsets of M . For this construction we need an appropriate notion of differential cohomology relative to a smooth submanifold S ⊆ M (possibly with boundary). As explained in [BB14], there are two different such notions in the realm of differential characters: They arise from the two different ways to define relative (de Rham and singular) cohomology as the cohomology of the mapping cone complex of the inclusion i S : S ֒→ M or as the cohomology of the subcomplex of forms (or cochains) vanishing outside S ⊆ M . Thus relative differential cohomology may be defined as the group of differential characters on either cycles of the mapping cone complex or on relative cycles. Some confusion might arise from the fact that what are called relative differential characters in the literature [BT06, BB14, Bec14] are not differential characters on relative cycles but characters on mapping cone cycles. In [BB14] it is shown that the group of differential characters on relative cyclesĤ k (M, S; Z) is a subgroup of the group of relative differential characters. Elements of this subgroup are called parallel relative differential characters in [BB14] for geometric reasons. To avoid confusion, in the present paper we will only use the groupsĤ k (M, S; Z) of differential characters on relative cycles.
Part of the present paper generalizes some results from [BB14] for differential characters on relative cycles to a less restrictive setting: We allow arbitrary embedded submanifolds (possibly with boundary), whereas in [BB14] only closed submanifolds are taken into account. Restricting the consideration to properly embedded submanifolds, we immediately recover the results from [BB14] with basically the same arguments. In the course of introducing differential cohomology with compact support we also establish the excision property for relative differential cohomology: For an open subset O ⊆ M and a closed subset
in differential cohomology. To the best of our knowledge, this property has not been discussed rigorously in the literature so far, although it might have been conjectured by experts in the field. This isomorphism is important for establishing functorialityĤ k c (−; Z) : Man m,֒→ → Ab of compactly supported differential cohomology with respect to open embeddings of mdimensional manifolds. This paper is organized as follows: In Section 2 we review some requisite preliminaries on smooth singular (co)homology groups and their relative versions, compactly supported cohomology and the Cheeger-Simons model for differential cohomology.
In Section 3 we introduce and study differential characters on relative cycles, which provide the model for relative differential cohomology used in this paper. We prove in Theorem 3.2 that, for any submanifold S ⊆ M (possibly with boundary), the group of differential characters on relative cyclesĤ k (M, S; Z) fits into a commutative diagram involving a short exact sequence.
For generic submanifolds S, this diagram is an incomplete analog of the usual diagram for (absolute) differential cohomology. In Theorem 3.21 we shall prove that for the case where S ⊆ M is properly embedded, the incomplete diagram can be extended to a full diagram of short exact sequences. The incomplete diagram in Theorem 3.2 is however enough to prove an excision theorem for differential cohomology in Subsection 3.2. We then show in Subsection 3.3 that the graded group of differential characters on relative cyclesĤ ♯ (M, S; Z) is a module over the differential cohomology ringĤ ♯ (M ; Z).
In Section 4 we define the groupsĤ k c (M ; Z) of differential characters with compact support as a colimit of the relative differential cohomology functor. In Theorem 4.2 we obtain an analogue of the usual differential cohomology diagram for the compactly supported case. We further prove that compactly supported differential cohomology forms a family of functorŝ H k c (−; Z) : Man m,֒→ → Ab, for k ≥ 0, from the category of m-dimensional manifolds with smooth open embeddings as morphisms to the category of Abelian groups and thatĤ
In Section 5 we establish smooth Pontryagin duality for differential cohomology. Similar results were proven in [HLZ03] by using (compactly supported) de Rham-Federer characters. The main results here are the following Pontryagin dualities which are proven in Theorem 5.4: For any oriented m-dimensional manifold M , we obtain a natural isomorphism
between the differential cohomology groupĤ m−k+1 (M ; Z) and the smooth Pontryagin dual H k c (M ; Z) ⋆ ∞ of the compactly supported differential cohomology groupĤ k c (M ; Z). If moreover M is of finite-type, we can also interchange the roles of ordinary and compactly supported differential cohomology to get isomorphismŝ
In [BBSS15] these results are applied to analyze dualities in (higher) quantum Abelian gauge theories and to the quantization of self-dual fields.
Cohomological preliminaries
We briefly recall some background material which is used extensively throughout the rest of this paper, including smooth singular (co)homology together with their relative versions, a colimit prescription for defining cohomology with compact support from relative cohomology, and Cheeger-Simons differential characters. In the following all manifolds will be assumed to be finite-dimensional, smooth, paracompact and Hausdorff. Sometimes we shall also consider manifolds with a (smooth) boundary. For some of our constructions and results in Section 5 we demand further conditions (such as connectedness, orientability or existence of finite good covers), which will be stated explicitly where needed.
Smooth singular (co)homology and its relative version
Let M be a manifold (possibly with boundary). We denote by C ♯ (M ) the chain complex of smooth singular chains on M with Z-coefficients. The boundary homomorphism is denoted by
and we shall frequently omit the subscript k as it will be clear from the context. The Abelian groups of k-cycles and k-boundaries on M are given by Z k (M ) := ker ∂ k and B k (M ) := im ∂ k+1 , respectively. The smooth singular k-th homology group of M is then defined as the quotient
For our purposes, we also have to consider homology on M relative to a submanifold S ⊆ M (possibly with boundary), which is obtained by identifying all chains with support inside S with 0. More precisely, the inclusion S ⊆ M allows us to consider the chain complex C ♯ (S) of smooth singular chains on S as a subcomplex of C ♯ (M ). The complex of smooth singular chains on M relative to S is then defined as the quotient
Notice that any C k (M, S) is a free Abelian group, even though it is defined as a quotient. 1 Similarly to above, the Abelian groups of relative k-cycles Z k (M, S) and relative k-boundaries B k (M, S) are respectively given by the kernel and image of the boundary homomorphism in C ♯ (M, S). The relative k-th homology group is defined as the quotient
Let G be an arbitrary Abelian group. The cochain complex
. The Abelian groups of Gvalued k-cocycles and k-coboundaries on M are given by Z k (M ; G) := ker δ k and B k (M ; G) := im δ k−1 , respectively. The G-valued smooth singular k-th cohomology group of M is then defined as the quotient
and the G-valued relative smooth singular k-th cohomology group as the quotient
Given any chain complex C ♯ of free Abelian groups and a short exact sequence 0 → F → G → H → 0 of Abelian groups, there exists a short exact sequence of cochain complexes
By a well-known result in homological algebra, see e.g. [Wei94, Theorem 1.3.1], the cohomology groups of these cochain complexes then fit into a long exact sequence. Applying this result to the chain complexes C ♯ (M ) and C ♯ (M, S) we obtain the long exact sequences
Pair pe : The full subcategory of Pair whose objects (M, S) are such that S ⊆ M is a properly embedded submanifold (possibly with boundary).
DSet: The objects are directed sets and the morphisms are functions preserving the preorder relation. Alternatively, interpreting a directed set as a (small) category (with morphisms specified by the preorder relation), we can interpret DSet as the full subcategory of the category of small categories Cat whose objects are directed sets.
Ab: The objects are Abelian groups and the morphisms are group homomorphisms.
Ch(Ab): The objects are chain complexes of Abelian groups and the morphisms are chain maps.
Interpreting cochain complexes C ♯ canonically as chain complexes via the reflection C k → C −k , we observe that absolute and relative smooth singular (co)chain complexes are functors
3a)
In fact, simplices in M can be pushed forward along f : M → M ′ and such a push-forward along a morphism f : (M, S) → (M ′ , S ′ ) in Pair sends simplices in S to simplices in S ′ . Absolute and relative (co)homology inherit their functorial behavior from these functors, i.e.
Smooth singular cohomology with compact support
Following [Hat02, p. 242], we introduce smooth singular cohomology with compact support by means of a colimit prescription. Let
be the functor which assigns to any manifold M the directed set K M := {K ⊆ M compact} (with preorder relation given by subset inclusion) and to any smooth map f :
where the target category is Pair op because we take complements of subsets. Given an Abelian group G, we can precompose the relative smooth singular cohomology functor H k (−; G) : Pair op → Ab with the functor (2.6) and obtain
We then define the G-valued compactly supported smooth singular cohomology group of M as the colimit of this functor, i.e. 
We shall now show that the colimit of this functor provides an equivalent definition of compactly supported cohomology: Introducing the directed subset
9) which provides alternative definitions of H k c (M ; G).
Functoriality:
We now prove that G-valued compactly supported smooth singular cohomology is a functor H
to Ab. By a standard excision argument for cohomology, we find that i * is a natural isomorphism and we denote its inverse by
Furthermore, since g is a diffeomorphism, we immediately get a natural isomorphism g * :
Ab and we denote its inverse by
We have thereby shown that
By the universal property of the colimit, the natural transformation (f * ) −1 induces a unique homomorphism
It is easy to check that H k c (−; G) : Man m,֒→ → Ab defined in this way is a functor.
We recall that assigning to diagrams in Ab over a directed set their colimits is an exact functor because Ab is a Grothendieck category. Applying this observation to (2.2b), with S = M \ K running over K ∈ K M , we obtain a long exact sequence
for compactly supported cohomology.
Cheeger-Simons differential characters
The starting point for our investigations is the graded commutative ring of Cheeger-Simons differential characters [CS85] , which was later recognized as a model for differential cohomology [BB14, SS08] . Different yet equivalent models have been developed in terms of smooth Deligne cohomology [Bry07] , differential cocycles [HS05] and de Rham-Federer currents [HLZ03] . It was proven in [SS08, BB14] that differential cohomology is uniquely determined up to unique natural equivalences. See also [Bun12] for a more abstract homotopy theoretic approach to (generalized) differential cohomology theories.
We denote the Abelian group of Cheeger-Simons differential characters byĤ k (M ; Z).
Given any h ∈Ĥ k (M ; Z), it is easy to show that ω h ∈ Ω k (M ) is uniquely specified by (2.15) and that it has integral periods. Introducing the Abelian group of k-forms with integral periods
we obtain the curvature homomorphism
Any u ∈ H k−1 (M ; T) may be interpreted as an element ofĤ k (M ; Z) via the homomorphism
called the "inclusion of flat fields". It is constructed as follows: Since T is divisible, the universal coefficient theorem for cohomology implies that there exists a natural isomorphism
, via this isomorphism we regard it as a homomorphism u :
. By definition, the curvature of κ u is 0.
As a consequence of (2.15), the cochain
factors through the inclusion Z → R and hence there exists a unique integral cochain c h ∈ C k (M ; Z) satisfyingh • ∂ = · ω h − c h . One easily checks that δc h = 0 and that the cohomology class [c h ] ∈ H k (M ; Z) is uniquely determined by h. This defines the characteristic class homomorphism
for all z ∈ Z k−1 (M ). By Stokes' theorem we observe that h A (∂γ) = γ dA mod Z, for all γ ∈ C k (M ), and hence that the curvature of h A is dA. We further observe that h A has trivial characteristic class because · A ∈ Hom(Z k−1 , R) is a lift of h A and that h A is trivial for
. This defines the topological trivialization homomorphism
It is shown in [CS85, SS08, BB14] that the group of Cheeger-Simons differential characters fits into the commutative diagram
with all rows and columns short exact sequences. The short exact sequences in the left column and in the bottom row are obtained from the natural long exact sequence (2.2a) for cohomology associated to the coefficient sequence 0 → Z → R → T → 0. In the top row and in the right column, one uses the natural isomorphism Ω k
which is a byproduct of de Rham's theorem.
Functoriality: The assignment of the Abelian groupĤ
In particular, any smooth map f : Example 2.4. Another source of examples of differential characters is provided by a refinement of classical Chern-Weil theory [CS85] : Let G be a Lie group with finitely many connected components and P → M a principal G-bundle with connection θ. Denote by F θ the curvature form of θ. Associated to an invariant polynomial λ : g k → R on the Lie algebra and a corresponding universal characteristic class u ∈ H 2k (BG; Z) is a differential character inĤ 2k (M ; Z) with characteristic class u(P ) and curvature the Chern-Weil form λ(F θ ). The differential character is uniquely determined by these properties and the requirement of being natural with respect to connection preserving bundle morphisms. The construction is reviewed in detail in [Bec14] and also refined to relative differential characters by taking into account the Chern-Simons form of (P, θ) associated with λ.
Ring structure: The Abelian groupsĤ ♯ (M ; Z) can be endowed with a natural graded commutative ring structure 
lift and extend h and h ′ , respectively, while
A proof that the map (2.25) specified by (2.26) defines an associative and graded-commutative ring structure can be found in [CS85, Theorem 1.11] or in [BB14, Part II, Section 4.1.1]. Since both the cup product ⌣ and the cochain homotopy B are natural, the expression (2.26) defines a natural ring structure, i.e. the pull-back of differential characters along a smooth map is a ring homomorphism. The four natural transformations displayed in (2.24) are compatible with the ring structure, i.e.
Example 2.5. The ring structure onĤ ♯ (M ; Z) provides a construction of an isomorphism class of Hermitean line bundles with connection on M out of two circle-valued functions h 1 , h 2 ∈ C ∞ (M, T). This bundle can be described explicitly as the pull-back along the product map (h 1 , h 2 ) : M → T 2 of a universal line bundle with connection on the 2-torus, called the Poincaré bundle, see [Bun12] and [BB14] for further details.
Example 2.6. The construction of differential characters from classical Chern-Weil theory in Example 2.4 is multiplicative: Given two invariant polynomials λ 1 , λ 2 on g and corresponding universal characteristic classes u 1 , u 2 ∈ H ♯ (BG; Z), the differential character associated with λ 1 · λ 2 coincides with the product of the differential characters from Example 2.4. Its characteristic class is the cup product u 1 (P ) ⌣ u 2 (P ), while its curvature is the wedge product λ 1 (F θ )∧λ 2 (F θ ) of the corresponding Chern-Weil forms.
Differential characters on relative cycles
In this section we review a version of relative differential cohomology which is used later to introduce compactly supported differential cohomology. 
Since differential cohomology is a refinement of smooth singular cohomology by differential forms, the question arises whether to refine the relative cohomology H ♯ (M, S; Z) by the mapping cone de Rham complex Ω ♯ (i S ) or by the relative de Rham complex Ω ♯ (M, S). Differential characters based on the mapping cone complex were first introduced in [BT06] and they were called relative differential characters. Differential characters on relative cycles were first introduced in [BB14] 2 and they were called parallel relative differential characters. These two versions of relative differential cohomology fit into diagrams similar to (2.22), provided that one considers properly embedded submanifolds S ⊆ M . They also fit into long exact sequences relating absolute and relative differential cohomology groups, see [BB14] and below. See [BB14] also for a comparison between relative and parallel relative differential characters.
Definition and first properties
Let us begin by fixing our notation for relative de Rham cohomology. Let M be a manifold and S ⊆ M a submanifold (possibly with boundary). We denote by
the Abelian group of k-forms vanishing on S ⊆ M and by
its subgroup of relative k-forms with integral periods. The natural homomorphism A degree k differential character on relative cycles on a manifold M with respect to S ⊆ M is a homomorphism h : Z k−1 (M, S) → T for which there exists a differential form ω h ∈ Ω k (M ) such that
We denote the Abelian group of differential characters on relative cycles byĤ k (M, S; Z).
As in the case for (absolute) differential characters, the form ω h is uniquely determined by h ∈Ĥ k (M, S; Z). Evaluating (3.3) on γ ∈ C k (S) we obtain ω h | S = 0 and evaluating on γ = z ∈ Z k (M, S) it follows that z ω h ∈ Z. This yields the curvature homomorphism for differential characters on relative cycles
Any u ∈ H k−1 (M, S; T) may be interpreted as an element ofĤ k (M, S; Z) with vanishing curvature. The argument is exactly the same as for the absolute case (see the text following (2.18)) and we just have to replace all absolute (co)homology groups with their relative analogues. The corresponding homomorphism
is called the "inclusion of flat fields (on relative cycles)".
Recalling that relative chains (and hence relative cycles) form a free Abelian group, as argued in Subsection 2.1, we can lift any h ∈Ĥ k (M, S; Z) to an elementh ∈ Hom(Z k−1 (M, S), R) along the quotient R → T. As a consequence of (3.3), the relative cochain · ω h −h • ∂ ∈ C k (M, S; R) factors through the inclusion Z → R and hence there exists a unique integral relative cochain c h ∈ C k (M, S; Z) satisfyingh • ∂ = · ω h − c h . One easily checks that δc h = 0 and that the relative cohomology class [c h ] ∈ H k (M, S; Z) is uniquely determined by h. This defines the relative counterpart of the characteristic class homomorphism
Any relative differential form A ∈ Ω k−1 (M, S) defines a differential character on relative cycles h A ∈Ĥ k (M, S; Z) by setting
for all z ∈ Z k−1 (M, S). The curvature of h A is dA and the relative characteristic class is 0. Notice further that for A ∈ Ω k−1 Z (M, S) integration over relative (k − 1)-cycles takes values in Z, i.e. h A = 0. This defines the relative version of the topological trivialization homomorphism
Theorem 3.2. Let M be a manifold and S ⊆ M a submanifold (possibly with boundary). Then all squares in the diagram
commute. The left column, the middle row and the bottom row are short exact sequences. The middle and right columns form sequences starting with injections and the homomorphism in the top row is surjective.
Proof. As in the absolute case, the exact sequences in the left column and in the bottom row are obtained from the long exact sequence (2.2b) for relative cohomology associated to the coefficient sequence 0 → Z → R → T → 0. In the right column, the homomorphism dΩ k−1 (M, S) → Ω k Z (M, S) is just the inclusion and the homomorphism Ω k Z (M, S) → H k free (M, S; Z) is obtained by identifying H k free (M, S; Z) with Hom(H k (M, S); Z) and mapping ω ∈ Ω k Z (M, S) to · ω ∈ Hom(H k (M, S), Z). The right column forms a sequence because of Stokes' theorem. In the top row, d : S) is surjective by definition. Commutativity of the top right square follows immediately from (3.7). To show commutativity of the bottom left square, observe that the composition of the left and bottom arrows is the connecting homomorphism β : H k−1 (M, S; T) → H k (M, S; Z) in (2.2b). For u ∈ H k−1 (M, S; T), β u is defined by choosing a representativeū ∈ Z k−1 (M, S; T) of u, liftingū toũ ∈ C k−1 (M, S; R), taking the unique c u ∈ Z k (M, S; Z) such that c u = δũ and setting β u = [c u ]. Assigning to u the homomorphism κ u : Z k−1 (M, S) → T is by definition the same as restrictingū to relative cycles. Hence the restriction to relative cycles of 
represented by c h is the same as the one represented by · curv h. It is straightforward to prove that the middle column forms a sequence, i.e. char • ι = 0. Furthermore, the first arrow is injective by (3.7) and the definition of Ω k−1 Z (M, S), cf. (3.2). It remains to show that the middle row is a short exact sequence. First, let us notice that curv•κ = 0 since u ∈ H k−1 (M, S; T) vanishes when evaluated on relative boundaries. Furthermore, if u ∈ H k−1 (M, S; T) is such that κ u = 0 then u vanishes on all relative cycles, i.e. u = 0 and hence κ is injective. To show that curv is surjective, we exploit exactness of the bottom row. Given any ω ∈ Ω k Z (M, S), we find a preimage [c] ∈ H k (M, S; Z) of · ω ∈ H k free (M, S; Z). Hence there existsh ∈ C k−1 (M, S; R) such that · ω = c + δh ∈ C k (M, S; R), where c ∈ Z k (M, S; Z) denotes a representative of [c] . Let us denote by h ∈ Hom(Z k−1 (M, S), T) the restriction ofh mod Z. For each γ ∈ C k (M ) we find that h(∂γ) = γ ω mod Z, which implies h ∈Ĥ k (M, S; Z) and curv h = ω according to Definition 3.1. This shows that curv is surjective and we are left with proving that ker curv = im κ. Let h ∈Ĥ k (M, S; Z) be such that curv h = 0. Then h : Z k−1 (M, S) → T vanishes on B k−1 (M, S) and it descends to h ∈ Hom(H k−1 (M, S), T). Recalling that H k−1 (M, S; T) ≃ Hom(H k−1 (M, S), T), we find u ∈ H k−1 (M, S; T) corresponding to h. The definition of κ discussed above (3.5) then shows that κ u = h. 
. This also shows that the curvature curv is a natural transformation for differential characters on relative cycles. One can also easily show that κ, char and ι are natural transformations for differential characters on relative cycles, i.e.
curv :
are natural transformations between functors from Pair op to Ab. Moreover, all the arrows in the diagram displayed in Theorem 3.2 are (the components of) natural transformations, which follows from naturality of the long exact sequence (2.2b).
The natural homomorphism I: Since the quotient map C ♯ (M ) → C ♯ (M, S) preserves the boundary homomorphisms ∂, it maps cycles to relative cycles. Precomposing differential characters on relative cycles with this quotient map thus defines a natural homomorphism
Naturality of I is expressed by commutativity of the diagram
for all morphisms f : (M, S) → (M ′ , S ′ ) in Pair, which follows from the commutative diagram
(3.14)
for the quotient maps. In addition the natural diagramŝ
commute, for all objects (M, S) in Pair. The unlabeled arrows involving differential forms are induced by the inclusions Ω p (M, S) → Ω p (M ) and the unlabeled arrows involving cohomology groups are the canonical homomorphisms from relative to absolute cohomology.
Remark 3.3. In general, the homomorphism I :Ĥ k (M, S; Z) →Ĥ k (M ; Z) fails to be injective. To illustrate this fact, consider the commutative diagram
with both rows being short exact sequences. Since the right vertical arrow is injective (because it is a subset inclusion), the middle vertical arrow is injective if and only if so is the left one. We now construct examples of pairs (M, S) for which
Observe that M is homotopic to a point and S is homotopic to the (k − 2)-sphere S k−2 . Using the long exact sequence relating the relative cohomology of the pair (M, S) to the cohomologies of M and S, cf. [Hat02, p. 200], we obtain the exact sequence
Since H k−1 (M ; T) is trivial by construction, H k−1 (M, S; T) can be computed as the quotient of H k−2 (S; T) by the image of H k−2 (M ; T). Specifically, one finds that Properly embedded S ⊆ M : In the following we shall specialize to the case where S ⊆ M is a properly embedded submanifold (possibly with boundary). In this case, differential forms on S can be extended to differential forms on M , see e.g. [Lee12, Problem 10-9]. In particular, we obtain the short exact sequence of de Rham complexes
Regarding differential forms as cochains via integration over smooth singular chains, we obtain a commutative diagram of cochain complexes of Abelian groups
and the corresponding commutative diagram of the long exact cohomology sequences
By de Rham's theorem, 3 the vertical arrows between absolute cohomology groups are isomorphisms and hence by the five lemma we conclude that also H k dR (M, S) → H k (M, S; R) is an isomorphism. This provides us with a relative version of de Rham's theorem for the case of S ⊆ M being properly embedded. Using this result we can refine the statement of Theorem 3.2 to obtain the full commutative diagram for relative differential cohomology.
Theorem 3.5. Let M be a manifold and S ⊆ M a properly embedded submanifold (possibly with boundary). Then the diagram
commutes and its rows and columns are short exact sequences. Proof. We first show that the right column is a short exact sequence. For this, we only have to prove that the morphism Ω k Z (M, S) → H k free (M, S; Z) is surjective and that its kernel coincides with dΩ k−1 (M, S). Both statements follow from de Rham's theorem for relative cohomology by taking into account the inclusion H k free (M, S; Z) ⊆ H k (M, S; R). Using this result we can also complete the diagram in Theorem 3.2 by defining the missing horizontal arrow in the top row: With Ω p d (M, S) denoting the closed relative p-forms we have
This map is injective and its image agrees with the kernel of d :
Hence the top row is a short exact sequence. To show that the top left square commutes, it is sufficient to represent cohomology classes in H k−1 (M, S; R) by means of closed (k − 1)-forms according to the isomorphism displayed above. Exactness of the middle column follows from exactness of the other sequences.
Remark 3.7. In the present case of properly embedded submanifolds S ⊆ M we can strengthen Remark 3.3 on the non-injectivity of the homomorphism I :Ĥ k (M, S; Z) →Ĥ k (M ; Z) by fitting it into a long exact sequence connecting absolute and relative (differential) cohomology groups. By similar arguments as in [BB14, Part II, Section 3.3.4], there exists a long exact sequence
of Abelian groups, where β : H k (S; G) → H k+1 (M, S; G) denotes the connecting homomorphism (for G = T or G = Z). From (3.23) it follows that h ∈Ĥ k (M ; Z) descends to a differential character on relative cycles if and only if it vanishes upon pull-back to S.
Excision theorem
We now prove a version of the excision theorem for differential characters on relative cycles. This result will be used later in Section 4 to define the push-forward of compactly supported differential characters and hence to understand their functorial behavior.
Proof. Consider the central row of diagram (3.9) and recall that it is a natural short exact sequence. Hence the morphism i :
Excision for ordinary cohomology implies that the left vertical arrow is an isomorphism. By the five lemma, it is sufficient to show that also the right vertical arrow is an isomorphism in order to complete the proof.
We will now construct an inverse of the homomorphism i * :
(without the restriction to integral periods) is an isomorphism because forms on O that vanish on O \ C can be extended by zero. It remains to prove that the extension by zero homomorphism (
. Choosing a representativez ∈ C k (M ) of z, we find ∂z ∈ C k−1 (M \C). Because {O, M \C} is an open cover of M , there exists an integer j ≥ 0 such that the j-th iterated subdivision S jz is a combination of simplices which are supported either in O or in M \C. Let a ∈ C k (O) denote the combination of those simplices in S jz whose support intersects C. By construction b := S jz −a ∈ C k (M \C) and ∂a = S j ∂z − ∂b ∈ C k−1 (O \ C). In particular, a represents an element of
Recalling that there exists a natural chain homotopy D j : C p (M ) → C p+1 (M ) between identity and j-th iterated subdivision, we conclude thatz = a + b − D j ∂z − ∂D jz . By naturality, the chain homotopy D j preserves the supports of chains, in particular D j ∂z ∈ C k (M \ C). Since ω is closed, so is its extension by zero (i * ) −1 ω. This implies that
where we have also used Stokes' theorem.
Module structure
We show that relative differential cohomologyĤ ♯ (M, S; Z) is a module over the differential cohomology ringĤ ♯ (M ; Z), see Subsection 2.3. Let (M, S) be an object in Pair. In the following we shall explain how (2.26) may be used to define a bihomomorphism 27) which provides us with the desired module structure.
The pair (h, c h ) is unique up to a term of the form (∆ + δΓ, −δ∆), where ∆ ∈ C k−1 (M ; Z) and Γ ∈ C k−2 (M ; R). Similarly, leth ′ ∈ C l−1 (M, S; Z) be such thath
is unique up to a term of the form (∆ + δΓ, −δ∆), where ∆ ∈ C l−1 (M, S; Z) and Γ ∈ C l−2 (M, S; R).
As in Subsection 2.3, we choose a family of natural cochain homotopies B :
, for all k, l ≥ 0, between the wedge product for differential forms and the cup product for the corresponding cochains such that B(ω, θ) = (−1) k l B(θ, ω), for all ω ∈ Ω k (M ) and θ ∈ Ω l (M ). These cochain homotopies imply the identities
for all ω ∈ Ω k (M ) and θ ∈ Ω l (M ). Recall that an example of such a family of cochain homotopies is given in [CS85, Section 1]. It is obtained by iterated subdivisions, the natural chain homotopy between subdivision and identity, and by exploiting a result due to Kervaire [Ker57] . With this choice one explicitly observes that B preserves supports, i.e. B(ω, θ) ∈ C k+l−1 (M, S) where S = M \ (supp ω ∩ supp θ) is the complement of the intersection of the supports of ω and θ. More abstractly, this fact follows from naturality of B. As stressed in [HS05, Section 3.2], two different choices of B are naturally cochain homotopic. This result is crucial in showing that the ring structure on differential characters does not depend on the choice of a natural cochain homotopy B. Similarly, it will allow us to show that the module structure of differential characters on relative cycles over the ring of differential characters does not depend on the choice of B.
Recalling that the cup product between cochains preserves supports, we define h · h ′ in (3.27) as the homomorphism Z k+l−1 (M, S) → T given by
where (h, c h ) and (h ′ , c h ′ ) were introduced above. The two expressions in (3.29) differ by the exact term (−1) k+1 δ(h ⌣h ′ ) ∈ B k+l−1 (M, S; R), which is of course trivial when evaluated on Z k+l−1 (M, S). While (3.29a) shows that h · h ′ does not depend on the choice of (h ′ , c h ′ ), the expression (3.29b) shows independence with respect to the choice of (h, c h ). The fact that different choices of B are naturally cochain homotopic entails that h · h ′ does not depend on this choice as well. It is easy to check that h·h ′ as defined above is an element ofĤ k+l (M, S; Z): using (3.28) one finds that
for all γ ∈ C k+l (M ). Because the formula for the module structure on relative differential cohomology is exactly the same as the one for the ring structure on differential cohomology, one can easily adapt the arguments in [CS85, Theorem Z (M, S), u ∈ H k−1 (M ; T) and υ ∈ H l−1 (M, S; T), which express the compatibility of the module structure for differential characters on relative cycles with respect to the natural homomorphisms curv, char, ι and κ.
We conclude by noticing that theĤ ♯ (M ; Z)-module structure onĤ ♯ (M, S; Z) is natural with respect to morphisms f : (M, S) → (M ′ , S ′ ) in the category Pair, i.e. the pull-back f * :Ĥ k (M ′ , S ′ ; Z) →Ĥ k (M, S; Z) is a module homomorphism with underlying ring homomorphism f * :Ĥ k (M ′ ; Z) →Ĥ k (M ; Z). For this, let h ∈Ĥ k (M ′ ; Z) and h ′ ∈Ĥ l (M ′ , S ′ ; Z) and choose cochainsh ∈ C k−1 (M ′ ; R) andh ′ ∈ C l−1 (M ′ , S ′ ; R) which extend and lift h and h ′ , respectively. Take c h ∈ Z k (M ′ ; Z) and c h ′ ∈ Z l (M ′ , S ′ ; Z) such that δh = · curv h − c h and δh ′ = · curv h ′ − c h ′ . Then f * h ∈ C k−1 (M ; R) and f * h′ ∈ C l−1 (M, S; R) extend and lift f * h ∈Ĥ k (M ; Z) and f * h ′ ∈Ĥ l (M, S; Z), respectively. Furthermore, f * c h ∈ Z k (M ; Z) and f * c h ′ ∈ Z l (M, S; Z) satisfy δf * h = · curv f * h − f * c h and δf * h′ = · curv f * h ′ − f * c h ′ . Computing f * h · f * h ′ using (3.29), we conclude that f * h · f * h ′ = f * (h · h ′ ) because the cup product ⌣ and the cochain homotopy B are natural.
Remark 3.9. We observe that (3.29) also makes sense when both factors are differential characters on relative cycles: For S, S ′ and S ∪ S ′ submanifolds (possibly with boundary) of M , the same arguments would show that
is a well-defined bihomomorphism. For S = S ′ , (3.32) defines a graded-commutative ring structure (without unit if S is non-empty) on differential characters on relative cycles. This ring structure coincides with the usual ring structure on differential characters for S = S ′ = ∅. Furthermore, when S ⊆ S ′ , we can interpretĤ l (M, S ′ ; Z) as a module over the ringĤ k (M, S; Z) (without unit for S = ∅). When S = ∅, this coincides with the module structure introduced in (3.27).
Differential characters with compact support
To introduce differential characters with compact support, we follow an approach similar to the one used in Subsection 2.2 to define ordinary cohomology with compact support. Let M be (5.30) where all diagonal arrows are isomorphisms, the foreground face is the smooth Pontryagin dual of (2.22) and the background face is given by (4.6). 
